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Abstract 

In this paper we will present monotonicity of subelliptic estimates 
involving Levi forms on rigid pseudoconvex domains. As an appli- 
cation of monotonicity, we will show that if a rigid domain is given 
by a sum of the squares of monomials and if the domain is of finite 
type, then the sharp subelliptic estimate of this domain equals the 
reciprocal of the D Angelo's 1-type. 

1 Introduction 

This paper mainly concerns the following class of domains. Let Q he a. 
pseudoconvex domain in C""*"^ and let the origin be a boundary point of Q. 
Following the terminology in [BRTj . we say that is a rigid pseudoconvex 
domain near the origin if there exists a complex coordinate (^i, . . . , ^n+i) 
such that Q is defined near the origin by 

n = {{zi,...,Zn+i) eC"^^ : Rezn+i+u{zi,...,zn) <0}, (1) 

where m is a plurisubharmonic function depending only on the first n- variables 
with m(0) = 0. We say that u is the mixed term of the boundary defining 
function of Q near the origin. 



1 



Let f2 be a smoothly bounded pseudoconvex domain in C""^^ and let po be 
a point on the boundary of fl. We say that subelliptic estimate of order e > 
holds on (0, l)-forms at po if there exist a constant C and a neighborhood U 
of Po such that the estimate 

infill' <c^(p^ii'+pvii'+ii^ir) (2) 

is valid for all if G V^'^{U). Here ||| ■ denotes the tangential Sobolev 
norm of order e and D°'^(f/) refers to the set of smooth (0, l)-forms (p in 
Dom{d) n Dom((9*). The D 'Angela's 1-type of the boundary of Q at po is 
defined by 

T(6^],J9o)=sup^^. (3) 

. v{z) 

Here z runs over the set of all germs of parameterized complex analytic curves 
at Po and v{-) denotes the vanishing order. Even though the type function, 
p — > T{bQ,p), is neither upper nor lower semi-continuous, D'Angelo showed 
that if T{bQ,po) is finite, then it is locally bounded near po |DA82] . 

Catlin showed that if is a smoothly bounded pseudoconvex domain in 
C""^^ and Po € bQ, then T{bQ,po) is finite if and only if there is a subelliptic 
estimate of some order e > on (0, l)-forms at po- More precisely, for 
necessary condition of subellipticity he [Ca83j showed that if T{bQ,po) is 
finite and a subelliptic estimate of order e of the form ([2]) holds, then e must 
satisfy e < f^^jy^- For sufficiency he reduced the problem to construct 
a family of plurisubharmonic functions {A^} with large Hessians near the 
boundary. 

Theorem (Catlin [Ca87l Theorem 2.2]). Letpo be a point on the boundary of 
a smoothly bounded pseudoconvex domain in C^"^^. Let Qs = {z \ r{z) < 6} 
and let Ss = {z \ —6 < r{z) < 6}. Suppose that there exist a neighborhood U 
of Po, a parameter e with < e < |, and a constant c > such that for any 
sufficiently small 6 > there exists a smooth plurisuharmonic function A5 in 
U r\Vts satisfying the following properties: 

(i) IA5I < 1 onilnVts (4) 

n+1 

X] Qzdz ^^^^ ~ '^'^"^'^ ^ on Un Ss- (5) 

ij=l * ^ i=l 

Then there exists a neighborhood U' ofpo with U' GG U such that a subelliptic 
estimate of order e holds in U' . 
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In this paper we are primarily interested in a construction of a family 
of plurisubharmonic functions, {A^}, satisfying (jlj) and (jS]), for a rigid pseu- 
doconvex domain defined by ([1]). The main idea of this paper is to resolve 
ddu at degenerated points by adding small cutoff functions in a uniform way. 
Since the mixed term u is independent of the last variable Zn+i-, there is a 
natural projection from the boundary of a rigid domain to a neighborhood 
of the origin in C". Under this projection one can interpret the Levi form 
of the boundary of Vt in terms of ddu. This observation enables us to de- 
rive the following lemma, a modified version of |Ca87l Theorem 2.2] for rigid 
pseudo convex domains. 

Main Lemma. Let u{z) be a smooth plurisubharmonic function in a neigh- 
borhood V of the origin in C" with m(0) = and let fl be a rigid pseudoconvex 
domain defined by ([1]) near the origin in C"^^. Suppose that there exist a 
neighborhood U GG V of the origin in C"', a constant C > 0, and a param- 
eter e with < e < ^ so that for each sufficiently small 6 > there exists a 
smooth function ps{z) on U with the following properties: 

(i) < ps{z) < 1 for all zeU, 

(ii) for all z G U and for all L = sii^ + ■ ■ ■ + Sn-^, Sj G C 

dd(^^ + Ps){L,L){z)>C6-'^\L\\ (6) 

Then a subelliptic estimate of order e holds at the origin for Vl. 

We will give the proof of Main Lemma in Section [21 As an immediate 
consequence of Main Lemma, we obtain the following monotone property of 
subelliptic estimates on two rigid domains. 

Theorem 1. Letui andu2 be plurisubharmonic functions defined on a neigh- 
borhood V of the origin in C" with Mi(0) = ^2(0) = 0. Let Qi and Q2 be 
rigid pseudoconvex domains with mixed terms, ui and U2, respectively, near 
the origin in C""*""^. Suppose that there exist a neighborhood U GG V in <C^ , 
a constant C > 0, and a parameter e with < e < | such that for each 
sufficiently small 5 > there exists a smooth function ps{z) satisfying (i) 
and (ii) foru2 in Main Lemma. If for all z & V , 

ddu,{L,L){z) > ddu2iL,L)iz), L = Er=i^^|-, (7) 
then a subelliptic estimate of order e holds at the origin for both Qi and ^2- 
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In Section [21 as an application of the monotone property, we will consider 
the largest subelliptic gain of a rigid pseudoconvex domain whose Levi form 
is greater than or equal to the one of a diagonal domain (Theorem [2]). As a 
corollary of Theorem [21 We will provide an answer to the D'Angelo's conjec- 
ture when the mixed term of a rigid pseudoconvex domain is a sum of the 
squares of monomials (Corollary [2]). 

Conjecture (D'Angelo |DA93j ). Let On be the ring of germs of holomorphic 
functions at the origin C" and let / be an ideal generated by /i, ...,/; G 
with fj{0) = J = 1, . . . ,/. Let m{I) denote dime Let n CC C"+i 

be a rigid domain whose boundary near the origin is defined by r{z') = 
2 Rezn+i + X)!=i \fji^)?^ where z = {zi, . . . , Zn) and z' = {zi, Zn+i). If 
m(J) is finite, then a subelliptic estimate holds for 

< e < . (8) 

2m(/) - - T(6fi,0) ^ ^ 

Acknowledgement. I am greatly indebted to David W. Catlin for sharing his 
original idea. He has generously put his energy and time into explaining 
his deep theory to me ever since I came to Purdue University as a post-doc 
at 2006. Without this long discussion and inspiration this paper would not 
come out. I also would like to express my thanks to John P. D'Angelo for 
encouraging my work constantly. Furthermore, he kindly pointed out his 
recent preprint about the effectiveness of Kohn's algorithm, which was very 
helpful to finish this work. 



2 Proof of Main Lemma 

Let Q C C"^^ be a rigid domain whose boundary is defined near the origin 
by 

r{z') = 2ReZn+i+u{z), (9) 

where u{z) is a smooth plurisubharmonic function, depending only on z = 
{zi, . . . , Zn), with u(0) = 0. Let U be an open set in C"'^"'^ defined by f/ = 
U xCc C"+\ and let 

Qs = {z' e C"+^ I r{z') < 6} (10) 
Ss = {z E C"+^ I -6 < r{z') < 0}. (11) 
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For simplicity, we set 



5i = ^ i = l,...,n + l. 
Let denote a constant vector field in C" by 

n 

L = ^ Sidi Si G C. 

i=l 

Consider (1, 0)- vector fields Li, . . . , L„+i on U, defined by 

Li = di — dn+i = di — Uz^dn+l, 

Ln+1 = dn+l- 



i = 1, . . . ,n 



(12) 



(13) 



(14) 



Note that Ljr = with i = 1, . . . , n for a\\ z' G U . Let us denote 



n+l 



n+1 



L' = ^ SjLi, L = ^ Sidi, Si e C. 



1=1 



Since is bounded on f/ CC for i = 1, . . . , n, it follows that there exist 
constants Ci, C2 > 0, depending only on U, so that 

n+l 

C,\L'\'<J2h\'<C2\Lf. 



i=l 



Step 1. Let Xs be a function defined on x C C C"+^ by 

A5 = + e"^p5. 
If e t/ X C with r(y) > -35, then for all L' at z', 

ddXs{L',L'){z')>6-'^\L'\'. 
Proof of Step H Note that 

ddps 



ddiXs) = 



dr A dr ddu 
+ 



52 
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+ 



(15) 

(16) 
(17) 

(18) 



Since 



ddu{L',L'){z') =ddu{L,L){z) 
ddpsiL',L'){z')=ddpsiL,L){z) 



(19) 
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it follows that for any z' = {z, Zn+i) G tj with r{z') > —3S, 
dd~Xs{L',L'){z') = 



52 
ddu 
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{L,L){z) 



> e~ 

> e 



r 
S 




« |21 


r 

+ 


(9(9m 






5 


-3 


rie |2 


+ 99 


(U 




52 


U + 


-3 




+ 


-2<|L| 
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^^P5/r T\( \ 
^iL,L)iz) 

-mL)iz) 



-^iL,L){z) 



Ps){L,L){z) 



(20) 



In fact, the first equality follows from (ITS]) and (HM . The second equality 
results from the fact that Ljr = for 1 < i < n and the third inequality is 



obtained by the fact that e * > e ^ for r{z') > —36. The fourth inequality 
follows from (Q. Since < e < | and 6 is small, it follows from (fTS!) and 
(120]) that (HI]) holds. □ 



Step 2. Let p{t) be an increasing smooth convex function with p{t) = for 
t < e-2, and pit) > 0, p'(t) > 0, for t > e'^. Let 

\s{z')=po\,{z'). (21) 

Then A5 is a plurisubharmonic function on U . 

Proof of Step\^ Since = + e~^ps and < < 1, it follows that 

\s{z') < + < e-^ for z' eU with r(2') < -35. (22) 

Since p{t) = for t < e'"^, we have 

Xs{z') = pCMz')) = 0, for z' eU with r(2') < -35. (23) 

If z' ^ U with r{z') > —36, then since Xs{z') is plurisubharmonic from 
Step [1] and since p(t) is a convex increasing function, it follows that Xs is 
plurisubharmonic on z' ^ U with r(2;') > —35. Therefore, combining with 
we conclude that is plurisubharmonic on U. □ 
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Continue the proof of Main LemmaUi Since Xs{z') < e + e ^ for z' & U (1 Qs 
and since X{z') = po Xs{z') = ior z' e U with r{z') < -35 by ({22]), it 
follows that there exists a constant C > independent of 6 such that 

\X5{z')\ < C, for all z eilf} VI5. (24) 

Since p is a smooth convex increasing function with p'{t) > for t > e~^, 
there exists a constant c > so that 

p'{t) > c, for e'^ <t<e + e"^ (25) 

Since 

e"^ < Xsiz') <e + e~^ for z' eUn Ss, (26) 

it follows from f|T7j) and fl25l) that there exists a constant C" > independent 
of 6 such that for all z' E Ss H U and all L' at z', 

ddXs{L',L'){z') >C"6'^'\L'\^. 

3 Sharp Subelliptic Estimates on Rigid Mono- 
mial Domains 

In this section we will consider subellipticity of a rigid domain whose Levi 
form is greater than or equal to the one of a diagonal domain. As an appli- 
cation of monotonicity, we will show that if the mixed term of the boundary 
of a rigid domain is given by sum of the squares of monomials and it is of 
finite type at the origin, then the sharp subelliptic estimate of this domain 
is the reciprocal of the 1-type. 

Theorem 2. Let Q be a rigid pseudoconvex domain near the origin and let 
u he the mixed term of the boundary offl near the origin. Let mi, . . . , nin be 
positive integer. Suppose that there exists a neighborhood V of the origin in 
C" so that for all z E V 

(n \ n 

^ l^ip^M (L, 1) for L = Y^ Sidi. (27) 
1=1 / i=l 

Then a subelliptic estimate at the origin for Vt holds of order 

^ (28) 



2 maxjmj : 1 <i < n} 
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Proof. By Theorem [T] it is enough to show that there exist a neighborhood 

U of the origin in C", a constant C > 0, and a parameter e with < e < ^ 

such that for each sufficiently small 6 > there exists a smooth function ps 

satisfying (i) and (ii) for Y17=i kjP"^' Main Lemma. 

Let X be a smooth function such that < x{t) < 1 for t > 0, x{t) = t fo'^ 

t < i, and x{t) = for t > 1. Let us denote m = max{mj : 1 < i < n}. For 

1 

each small 6 > define Ti{5) = 6'^"^^ , 1 < i < n and 

where c > is to be determined. Let U CC be neighborhood of the origin. 
For L = ^27=1 ^i^i z & U, 

dd (^ ^-y' +psj {L,L){z) 



^a,|s,|2, (30) 



i=l 

where for i = 1, . . . ,n, 

I |2mj-2 



Since depends only on the i-th variable Zi, it is enough to estimate the 
constant Oj for each variable Zi. If > (rj(5))^, then since the last two 
terms in (l3Tll vanish, it follows that 



^.yVhVW ^^—^^ l<i<n. (32) 



If < |(r^(<5))^ then since x'ij^) = 1 and x"{j^) = 0, we have 

1 _J_ 

tti > c = c5 ™« , 1 < i < n. (33) 
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Let us denote 

M = sup{|x'(t)| + W'{t)\ : < t < 1}. (34) 
If \{n{5)f < < {n{5))\ then 

Oi > (2^-'"' -cM)5~^. (35) 

Since and M are independent of 5, we can choose a small number c > 0, 
independent of 5, to make 2^"™' — cM to be positive for all z = 1, . . . , n. 
Letting d = mini<j<„{2"'^~™'' — cM}, we have 

ai>d6'^^, l<i<n. (36) 

Combining (!32l) . (l33ll . and (j36l) . we conclude that there exists a constant 

i_ 

C > 0, independent of 5, so that > C5 ""^ , 1 < i < ra, for each small 6. 
Hence, we complete the proof. □ 

Corollary 1. Let v{z) be a plurisubharmonic function near the origin in 
and let u{z) = v{z) + J2^=i where rui 's are positive integers. IfQ be a 

rigid domain with the mixed term u{z) near origin in C""*"^, then a subelliptic 
estimate holds at the origin of order e = where m — maX]^<j<„ mi. 

Corollary 2. Let fi,...,fi be monomials in z = {zi, . . . , Zn) and let Q be 

a pseudoconvex domain in C""*"^ whose boundary defining function near the 
origin is 

I 

2Re(z„+i) + El/^WI'- (37) 
IfT{bQ,0) < 00, then the best subelliptic estimate at the origin for Q is 

(38) 



T{bn,o) 



Proof. Since T{bQ, 0) < 00 and fi, . . . , fi are monomials, it follows that some 
positive power of each coordinate Zi, i = 1, . . . ,n, equals one of /i, ...,// up 
to constant. Let mj be the smallest one among such powers of Zi. Then, 
the mixed term of the boundary defining function near the origin satisfies 
( !27|l . Furthermore, one can show that T{bQ,0) = max{mj \ i = 1, . . . ,n}. 
Therefore, Theorem [2] and |Ca83t Theorem 3] implies the corollary. □ 
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